We show that a multi-dimensional scaling function of order γ (possibly fractional) can always be represented as the convolution of a polyharmonic B-spline of order γ and a distribution with a bounded Fourier transform which has neither order nor smoothness. The presence of the B-spline convolution factor explains all key wavelet properties: order of approximation, reproduction of polynomials, vanishing moments, multi-scale differentiation property, and smoothness of the basis functions. The B-spline factorization also gives new insights on the stability of wavelet bases with respect to differentiation. Specifically, we show that there is a direct correspondence between the process of moving a B-spline factor from one side to another in a pair of biorthogonal scaling functions and the exchange of fractional integrals/derivatives on their wavelet counterparts. This result yields two "eigen-relations" for fractional differential operators that map biorthogonal wavelet bases into other stable wavelet bases. This formulation provides a better understanding as to why the Sobolev/Besov norm of a signal can be measured from the l p -norm of its rescaled wavelet coefficients. Indeed, the key condition for a wavelet basis to be an unconditional basis of the Besov space B L R 
INTRODUCTION
Recently, we proposed a new formulation of one-dimensional wavelet theory that starts from the representation of a scaling function as the convolution of a B-spline with a tempered distribution that carries no order at all 13 . This point of view provides some new insights and facilitates the derivation of the main results of wavelet theory. Central to this formulation is the study of the properties of the (fractional) B-splines, which is easier than for other wavelets because of the availability of explicit formulas in time and frequency 12 . The key properties of the B-spline are then mapped almost mechanically to the scaling function through the convolution relation. Our goal in this paper is to extend this factorization idea to multiple dimensions and to propose a general formulation that applies to all scaling functions and wavelets in L R d 2 ( ). Our motivation is threefold: First, we are interested in identifying the multi-dimensional analogs of the B-splines. The choice that we consider here are the polyharmonic B-splines 10 , which are non-separable and can be extended to fractional orders.
Note that these polyharmonic splines are localized versions of the Green functions of the iterated-Laplacian operators 6, 7 .
Second, we want to get a more direct understanding of the interaction of wavelets with differential operators. To quote Meyer 9 : "everything takes place as if the wavelets ψ( / ) x a were eigenvectors of the differential operator ∂ s , with corresponding eigenvalue a s − ". Thus, our goal is to write down explicitly these "eigen-relations", which, to the best of our knowledge, has not been done before. Again, this is made possible by working with polyharmonic splines which can be differentiated analytically.
Third, we want to relax the classical decay conditions which are too restrictive for our purpose. In particular, they exclude fractional wavelets 12 , which are precisely the type of wavelets we end up with after fractional differentiation. Meyer 9 , for instance, uses the r-regularity constraint that requires the scaling function and all its derivatives up to order r to decay faster than x m − for any integer m. In this work, we extend the theory to slowly decreasing functions, one motivating factor being that the standard r-regularity condition would disqualify the polyharmonic B-splines which are the basis of our formulation.
MATHEMATICAL PRELIMINARIES

Scaling functions and wavelets
We say that a multi-dimensional scaling function
is admissible if it satisfies the three following properties: (i) it generates a Riesz basis, (ii) it satisfies the two-scale relation
with refinement filter H e hke
, and, (iii) it fulfills the partition of unity. These are the minimal requirements to generate a multi-resolution analysis of L R d 2 ( ) in the sense defined by Mallat 8 . Therefore, for any given pair of admissible biorthogonal scaling functions ϕ and φ , we have the guarantee that there exists a (nonunique) set of ( )
and their duals ψ m , such that the functions 2 2 
, , L , are their wavelet counterparts. The corresponding projector operator at scale a i = 2 is specified as
The wavelet transform will be of order γ -possibly, fractional-if and only if the scale truncated approximation error for smooth functions decays like the γ th power of the scale; in other words, iff
,with a i = 2 , where W 2 γ denotes the Sobolev space of order γ .
Polyharmonic B-splines
Rabut's polyharmonic B-splines of order γ provide an interesting family of scaling functions, the order of which may be fractional 10 . These functions, denoted by β γ ( ) x , are best defined in the Fourier domain aŝ
where
. Despite the fact that the polyharmonic B-splines violate the rapiddecay requirements of classical wavelet theory (they typically only decay like O x
, they generate Riesz bases and are perfectly valid scaling functions for γ > d /2 (also see Madych's chapter 5 ). In addition,
Another important property is the convolution relation β β β γ γ γ γ 1 2 1 2 * = + , which follows directly from the definition. In one dimension, these functions are equivalent to the symmetric fractional B-splines of degree α γ = −1 whose properties are investigated elsewhere
Differential operators
In multiple dimensions, it is customary to consider an isotropic fractional differential operator ∂ * s of order s that corresponds to the (s/2)-iterate of the Laplacian operator:
This fractional derivative is to be understood in the sense of distributions. The discrete counterpart of this operator is the finite-difference operator ∆ 
This yields an explicit differentiation formula that will play a central role in our formulation.
ORDER AND RELATED PROPERTIES
In conventional wavelet theory, the order is constrained to be an integer because of rather stringent decay requirements 3, 9 . We believe that these restrictions are unnecessary and that it is interesting to extend the classical constructions to fractional orders. This also requires a restatement of the classical Strang-Fix 11 conditions. If one assume that ϕ( ) x satisfies the Riesz basis condition-but not necessarily the two-scale relation-and has sufficient algebraic decay, then the approximation results of de Boor, DeVore and Ron 4 imply that ϕ( ) x will be of order γ (possibly fractional) if and only if (see also the work of Blu and Unser 1 for the equivalence in the 1d case)
We will now show that this order condition has profound implications on the properties of the corresponding wavelets. We will also see that the order will manifest itself by the presence of a polyharmonic B-spline convolution factor, which will help us get a better understanding of the whole issue of wavelet differentiation.
Wavelet manifestations of the order property
By using (8) together with the fact that the analysis wavelets ψ m are perpendicular to ϕ(
∈ , we can prove that the wavelets have the following frequency behavior near the origin:
In other words, they essentially behave like γ th order differentiators. If we also assume that the ψ m 's have sufficient (inverse polynomial) decay for their moments to be well-defined mathematically, the above result implies that the wavelets have the vanishing moment property
Proc. of SPIE Vol. 5207 149 which is a well-known result when the order is an integer 9 . Because of (9) and ˜( ) ϕ 0 1 = , we also have that If we now add a slight regularity requirement on H e j ( ) ω , we can derive a multidimensional extension of our previous B-spline factorization theorem 13 .
Theorem 2. Let ϕ be a valid scaling function with H e C h j h
The interpretation of this result is that every scaling function contains a polyharmonic B-spline convolution factor (the regular part of it) which is entirely responsible for the order, and by implication, for all wavelet properties listed in Section 3.1. The factor ϕ 0 (irregular part) is a singular distribution; it has no order and no smoothness at all. Its only remarkable property is that its Fourier transform is bounded on all compact subsets.
Spline factors and regularity
The B-spline factor is also fully responsible for the smoothness of the basis functions. To see why this is the case, we note we can explicitly differentiate ϕ β ϕ γ γ = * 0 because ∂ * s is associative (it is a convolution operator) and because we know from (7) 
This explicit calculation leads to the following smoothness characterization theorem.
Proof: The argument uses Minkowsky's inequality and the fact that the coefficients a k r ( ) of the finite-difference operator ∆ * r are in l 1 for r > 0:
More significant is the fact that we have a converse version of the theorem for the Sobolev case p = 2.
Theorem 4:
If ϕ is a valid scaling function such that ∂ ϕ
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The proof of this result is technical and can be found elsewhere 2 . The important consequence of this result is that there cannot be any wavelet smoothness without a B-spline factor. Moreover, the theorem implies that the distribution ϕ 0 in Theorem 2 has no Sobolev smoothness at all; otherwise, it would be possible to pull out some more B-spline, indicating that that the order would be larger than γ .
WAVELETS AND DIFFERENTIATION
Biorthogonality relations
Based on the convolution property of the B-splines, we may express the scaling function ϕ γ as ϕ β ϕ We also assume that ˜φ γ , the dual of ϕ γ , is of order γ so that it can be written as ˜φ β ϕ γ γ = * 0 . This allows us to manipulate the biorthogonality relation,
which leads to the identification of a biorthogonal pair of "order-reallocated" scaling functions ˜φ β ϕ (9)). We will now show that this all nicely fits together and that the "differential" wavelets (˜, ) , , ∂ ψ ∂ ψ
